I. INTRODUCTION
The effect of quantum confinement on the optical properties of semiconductor quantum dots (QDs) has been a subject of considerable interest 1 and serves as basis for the broad applications of QDs in imaging 2 and optoelectronic devices. 3 In particular, two-photon absorption (TPA), a third-order nonlinear process, is essential to QD-based multiphoton microscopy 4 and light upconversion. 5 TPA, complementary to one-photon absorption (OPA), is also often used for probing the electronic states in QDs because of their distinct selection rules. 6 Many aspects of TPA have been experimentally investigated including its spectral dependence, [7] [8] [9] [10] magnitude, and response time 11 in a variety of semiconductor QDs either embedded in glass 12 or in colloidal suspensions. 13 TPA cross-sections as large as 10 4 Goeppert-Mayer (1 GM ¼ 10 À50 cm 4 s) have been reported, 14 by far the largest of any label used in multiphoton microscopy. 2 Furthermore, third-order nonlinearities of semiconductor QDs have been modeled in a two-band effective mass approximation (EMA) for interacting electrons and holes confined in a potential well. 15 An analytical expression for the two-photon transition rate has been derived in the fourband EMA for QDs based on direct band gap semiconductors of symmetry groups O h and T d . 16 In this model, electrons and holes are assumed to be non-interacting and confined in infinitely deep potential wells of the size of the spherical QDs. Excellent agreement has been demonstrated between the multiband EMA and experiment for the spectral dependence of TPA in CdTe 9 and CdSe 10 QDs. The dependence of TPA on the radius R of the semiconductor QDs and the evolution of the nonlinear properties of QDs to that of the bulk with increasing radius, however, remain not well understood due to the limitations in both experiment and modeling. 7, 9, 12, 13, [15] [16] [17] [18] On the one hand, explicit size dependence cannot be easily extracted from the EMA. 15, 16 A power-law dependence R a for the TPA crosssection with a ¼ 3 and 6 has been predicted from a tightbinding model for transitions to an exciton and non-exciton final state, respectively. 13 A parabolic eight-band EMA model has revealed values for a between 4.7 and 7.7. 17 On the other hand, a systematic experimental investigation of the size dependence is hampered by the availability of samples of a large size selection, each with a well defined average size and a narrow size distribution. Both strong sizedependent 7,9,13 and nearly size-independent 12,18 TPA coefficients in QDs have been reported.
In this work, we combine experiment and modeling to systematically study the size dependence of the degenerate below-band-gap TPA in semiconductor QDs. Colloidal CdSe QDs of excellent uniformity in a wide range of sizes, R ¼ 1.1 to 3.4 nm (exciton Bohr radius $ 5.6 nm (Ref. 19) ) have been investigated. We determine the degenerate TPA cross-sections r ð2Þ in QDs at 800 nm from the TPA-induced change in absorption at their first exciton transition energies by the femtosecond white-light transient absorption spectroscopy. We also model the TPA using the four-band EMA following Ref. 16 and obtain good agreement with experiment. For all QDs investigated here, the laser excitation energy is below the first exciton transitions and twice of the laser energy would allow transitions to highly excited exciton (quasi-continuum) states. Our findings on the magnitude of the TPA cross-section and TPA coefficient are in excellent agreement with earlier studies on colloidal CdSe QDs (in the strong confinement regime) 13, 14 and CdS x Se 1Àx QDs embedded in glass (in the weak confinement regime). 12, 18 In large QDs, the TPA cross-section approaches 5 Â 10 4 GM which is comparable to the TPA coefficient of bulk CdSe. For QDs in the strong confinement regime, r radius as a general trend, which is attributed to the decrease of the joint density of states. 9, 10, 17 No significant enhancement of TPA due to confinement has been observed since for all QDs employed in this study the TPA transitions fall in the quasi-continuum of the electronic states for the chosen wavelength of excitation.
II. SAMPLES AND EXPERIMENTAL SETUP
As a model system, we have investigated CdSe QD colloids since size-tunable QDs of good uniformity can be routinely synthesized. 20 Series of CdSe QDs (NN-Labs), which are capped either with pyridine or ZnS and dissolved in isocetane (2,2,4,4,6,8,8-heptamethylnonane, Sigma-Aldrich) to a typical volume fraction of 10 À4 , were used. The solvent is transparent at all relevant energies in this study and has a high boiling point. The QD core radius ranged from 1.1 to 3.4 nm and the size distribution was less than 610%. The first exciton transition of these dots varied from 500 to 640 nm. The QD size and size distribution were determined from the peak energy and the width of the first exciton transition from the sizing curve provided by the manufacturer. The manufacturer's sizing curve, calibrated based on TEM measurements, agrees well with the size dependence of the first exciton transition energy reported in Ref. 21 . The concentration of the QDs in colloids was inferred from the absorbance of the sample at 400 nm, 21 which scales approximately linearly with the total volume of CdSe since the final states lie in the quasi-continuum of the electronic states of the QDs.
An accurate measurement of the TPA coefficient of nanostructures, particularly in composites of low volume fraction, is challenging. The conventional Z-scan method detects the absorption at the excitation energy directly in the open aperture configuration. Its sensitivity, however, is often limited to $10 À3 in the differential transmittance of the excitation beam due to the strong background, and hot-carrier absorption cannot be easily separated from the TPA. 22 Here, we employed instead the white-light transient absorption spectroscopy. The technique determines the TPA in QDs at the pump energy through the TPA-induced change in the absorbance (Da) at the QD first exciton transition energy. It is well established that excitons (electron-hole pairs), injected into highly excited states in CdSe QDs, relax rapidly into the first exciton states and cause bleaching at the corresponding energy primarily due to the state filling effect. 23 The calibration of the change in absorbance normalized by that of unexcited QDs at the their first exciton transition energy, Da=a 0 , can be achieved by using a pump at a shorter wavelength with a known OPA coefficient. The white-light-continuum (WLC) was used as a convenient tunable light source to match the energy of the first exciton transitions in QDs. A sensitivity of $10 À5 in Da=a 0 has been demonstrated. 24 The method is similar to the TPA-induced fluorescence, 2 but can be easily combined with the time-resolved measurements which, as we demonstrate below, allow us to explore the response time and electronic states involved in the TPA process.
The setup for the white-light transient absorption spectroscopy consisted of a regenerative amplifier (Spectra Physics) that produces 50-fs pulses centered at 800 nm and at 1 kHz repetition rate. Details on the setup have been described in Ref. 24 . In brief, the pump pulse was either the fundamental (800 nm) or the second harmonic (400 nm) of the laser (generated in a 0.5-mm-thick BBO crystal). The probe WLC pulse was generated in a 2-mm-thick quartz plate by a time-synchronized pulse at 800 nm. The delay time between the pump and probe was controlled by a translation stage on the pump beam. The pump and probe intersected in the samples at an angle of $20
. The transmitted WLC probe was then imaged onto the entrance slit of a monochromator, and the appropriate photon energy was selected for detection by a Si photodiode in combination with an optical chopper and lock-in amplifier. The QD colloid samples were 2-mm thick. All measurements were performed at room temperature.
III. EXPERIMENTAL RESULTS
Typical pump-induced bleaching dynamics in QDs at their first exciton transition energy in the low excitation limit are illustrated in Figure 1 . In this example, we used ZnScapped CdSe QDs of 3.4-nm core radius. The inset illustrates the linear absorption spectrum of the sample. As marked by arrows, the probe was centered at 636 nm to match the first exciton transition energy of the QDs. The pump pulse, centered at 400 nm, corresponds to transition to the highly excited (quasi-continuum) states of the QDs. In the measurement, the pump fluence was kept low so that far less than one exciton was generated per QD on average to avoid Auger recombination. 25 The pump-induced bleaching, Da=a 0 (Fig. 1, blue line) , is observed to rise within $1 ps and decay slowly on the time scale of $ns (only the first 40 ps shown). Transient bleaching in CdSe QDs induced by ultrafast excitation at 400 nm has been studied extensively. 26 It is well established that the fast rise corresponds to ultrafast relaxation from the excited states to the first exciton state, and the slow decay is caused by subsequent carrier trapping and electron-hole radiative recombination. Figure 1 also shows the bleaching dynamics induced by the 800-nm pump (red line), which is identical to that of the 400-nm pump within the experimental uncertainty. The observed nearly identical dynamics indicates that excitons are injected into the QDs by the 800-nm pump practically instantaneously (<1 ps) and go through similar relaxation and recombination processes. We can thus use the known absorption coefficient at 400 nm to calibrate that at 800 nm. We note that the effect of different capping on the magnitude of the pump-induced transient absorption (bleaching) was negligible within the first tens of picoseconds. It mainly influenced the dynamics on a much longer time scale due to carrier trapping at the QD surfaces with differing surface qualities. 26 In the analysis below, we chose the pumpinduced transient absorption averaged in the range from 5 to 20 ps to characterize the absorption coefficient of the pumps to avoid the dynamic Stark effect 25, 27 and the coherent artifacts, 28 while carrier trapping and recombination are still not significant. We also note that it is essential to keep the excitation density low to avoid the rapid Auger recombination process so that the transient bleaching dynamics induced by the OPA and TPA process can be conveniently compared.
To understand the photoexcitation processes in QDs, we have also studied the fluence dependence of the transient bleaching amplitude (Fig. 2, symbols for QDs of R ¼ 3.4 nm). In the limit of low excitation, the transient absorption is linearly proportional to the fluence of the 400-nm excitation F 2x (solid line) and quadratically proportional to the fluence of the 800-nm excitation F x (dashed line):
Here, C 1 and C 2 are the fitting parameters from the experimental fluence dependence. The quadratic fluence dependence, together with the transient absorption dynamics, is a direct evidence of simultaneous TPA of the 800-nm excitation in the QDs. Similar results have been observed in our experiment for QDs of all sizes. The results are also independent of the polarization states of the pump and probe.
IV. ANALYSIS OF EXPERIMENTAL RESULTS
We now turn to the determination of the TPA coefficients of the QD colloids. The one-and two-photon absorption coefficients, a ðiÞ (i ¼ 1, 2), of a slab of optically homogeneous samples are defined, respectively, as the linear and quadratic attenuation coefficient of the peak excitation intensity I with distance of propagation z: ÀdI=dz ¼ a ð1Þ I and a ð2Þ I 2 . The exciton density injected by the pulse at the second harmonic energy 2 hx through OPA can be evaluated as I 2x sð1Àe
Àað1ÞL Þ 2 hx , where I 2x , s, and L denote, respectively, the peak intensity of the pulse, the pulse duration, and the sample thickness. Similarly, we can obtain the exciton density injected by the pulse at the fundamental energy hx through TPA:
ð2Þ L 2 hx . Here, I x is the peak intensity of the pulse, and for simplicity, we have assumed that the fundamental pulse has the same duration s as the second harmonic. The factor 2 in the denominator takes into account the fact that it requires two absorbed photons to generate one exciton through TPA. We have also assumed that depletion of the below-band-gap pump due to TPA is negligible.
In the low excitation limit, we note that the bleaching magnitude,ÀDa=a 0 , depends linearly on the exciton density as shown in our experiment. We can therefore relate the absorption coefficients a ðiÞ (i ¼ 1, 2) to the experimental results
where the proportionality constants are identical for both cases. The TPA coefficient of the QD colloids at 800 nm can thus be extracted using the OPA coefficient at 400 nm from an independent linear absorption measurement
The TPA coefficients of the QD colloids, however, do not represent the intrinsic property of the QDs. They are dependent on the QD concentration in the composite and the optical properties of the matrix. We introduce instead the TPA cross-section r ð2Þ of an individual QD, which is related to the TPA coefficient of the colloid through a ð2Þ ¼ 2Njf x j 4 r ð2Þ = hx. 29 Here, N denotes the QD concentration in the colloid, and f x % 3e h =ðe i þ 2e h Þ is the local-field factor, 30 determined by the dielectric constants of the QDs e i (7.02 for CdSe 31 ) , and the solvent e h (2.07, isocetane from Aldrich). Another way to describe the TPA properties of the QDs is to normalize the coefficient a ð2Þ by the QD volume fraction (NV, where V is the volume of an individual QD) in colloids and also eliminate the local field factor: b ¼ a ð2Þ =ðNVjf x j 4 Þ (or ¼ 2r ð2Þ =ðV hxÞ). The TPA cross-section r ð2Þ is convenient for comparison of QDs with atoms and the TPA coefficient b, in which the volume (or R 3 ) dependence has been removed, is convenient for comparison with bulk materials.
We extracted the TPA cross-section r 32 This is a direct consequence of the large size of the QDs (and the high joint density of states) compared to that of an atom. And by the same token, r ð2Þ is seen to rise sharply with increasing the QD radius. Earlier results for r ð2Þ by Pu et al. 13 (green squares) and Liu et al. 14 (red triangles) on smaller CdSe QDs are in excellent agreement with our results. The size dependence of TPA properties of QDs and its evolution to that of the bulk, however, can be better observed in the TPA coefficient b (Fig. 4) . For large QDs, the only available study is for CdS x Se 1Àx nanocrystals embedded in glass. 18 It is included in Fig. 4 (red squares) since bulk CdS has similar optical properties as CdSe. 33 Bulk values for b in CdSe at 800 nm (green triangles) were evaluated based on the values provided in Ref. 33 at 1.06 lm, using the universal spectral dependence of TPA in bulk semiconductors. 34 For QDs with radii larger than $5 nm (exciton Bohr radius), the results of Banfi et al. 18 indicate that the TPA coefficient is nearly size-independent and of similar value of the bulk. Our experimental result indicates that b increases $ R in the range of 1-3.5 nm. The exponent of the power law dependence is dependent on the range of sizes. We note that the observed trend is consistent with the earlier observations in CdSe 13, 14 and CdTe 9,10,17 QDs, but differs from that of a recent study on PbS QDs, 35 where the TPA coefficient increases with decreasing the QD size.
V. MODELING
To fully understand how the TPA coefficient in QDs depends on the dot radius and how it approaches that of the bulk, we consider an EMA starting with evaluation of a twophoton transition rate W ð2Þ in a QD based on the secondorder perturbation theory
Here, b 0 , b 1 , and b 2 represent the initial, final, and intermediate state of the system, E b and hc b denote the energy and broadening of the b-th state, and the summation is extended to all initial and final states that satisfy the energy conservation relation. We take the interaction Hamiltonian H to be of the form ðe=m 0 cÞA:p. Where e and m 0 are the elementary charge and mass of a free electron, c is the speed of light in vacuum, A denotes the vector potential associated with the pump radiation, and p is the carrier momentum operator. The electronic wave function of a QD can be expressed as a product of a cell-periodic Bloch function, similar to that in a bulk, and an envelope function. Such a modification leads to a TPA process in QDs that consists of an interband and an intraband transition and bears both atomic and bulk characteristics. Since a realistic electronic structure for CdSe QDs resulting from diagonalizing an eight-band Hamiltonian 36 is complicated to apply for the evaluation of the two-photon transition rate of Eq. (4), we adopted a fourband (spin degenerate) EMA 16 for simplicity. In this model, band mixing and exciton effects are ignored and an infinite spherical well is assumed at the boundary of the QD. The transition rate W ð2Þ for QDs based on a direct gap semiconductor of cubic lattice symmetry can be evaluated as 
Here, we have averaged the W ð2Þ over the QD orientations in the colloid. P is the interband matrix element of the electron momentum (2m 0 P 2 = h 2 % 21 eV (Ref. 38) for most semiconductors), n x is the refractive index of the unexcited QD at frequency x, and n n;l is the n-th root of the l-th order spherical Bessel function. In Eq. (5), we sum contributions from transitions between the lowest conduction band (c) and three highest valence bands (h j )
with band gap and spin-orbit split-off energies E h j of 1.84 and 2.26 eV, and effective masses 0.11, 1.19, 0.403, and 0602m 0 , respectively, for the conduction, heavy-hole, lighthole, and split-off bands. The level broadening hc b was assumed to be 60 meV (Ref. 39 ) for all states, and the refractive index of the unexcited QD n x is taken to be 2.65. 31 The TPA coefficient b was calculated from Eq. (5) by first averaging over the size distribution analytically, b ¼ 2 hx Ð dRf ðRÞW ð2Þ =I 2 (I is the intensity of the pump radiation) and then evaluated numerically. 16 A Gaussian size distribution f ðRÞ with a 10% standard deviation was assumed. To ensure convergence of the sum in the numerical calculation, we included excited conduction and valence states up to 12 and 5 eV, respectively, from their ground states.
The numerical results are compared with experiment in Figs. 3 and 4 (solid lines) . The agreement is surprisingly good considering the measurement uncertainties, the simplifications used in the model and non-cubic lattice symmetry of CdSe QDs. 40 The model underestimates the TPA coefficient b in small QDs due to the neglect of the band mixing and the associated modification of the selection rules 10 (Fig.  3) . We note that for the given excitation wavelength in our study, the TPA process involves transitions into highly excited exciton states, lying far above the well-pronounced discrete states.
6,10 Therefore, we do not observe significant resonant enhancements of the TPA. Once the size distribution is accounted for, the variation of the TPA cross-section with size is governed mostly by the number of terms in the sum for F c;h j , or similarly, the joint density of states. 7, 8, 10 Even though quantum confinement increases the oscillator strength for a single two-photon transition, the rapid decrease of the joint density of states becomes the dominating factor. 9, 10, 17 And both our experiment and simulation show that the TPA coefficient decreases with radius in CdSe QDs ($R in the range of 1-3.5 nm). We note that such a trend is not universal. It depends on the excitation energy and the materials properties. A recent study on PbS QDs 35 has shown an increase of the TPA coefficient at the first allowed twophoton transition with decreasing the QD radius. Compared to CdSe, PbS has a much smaller band gap and approximately symmetric conduction and valence bands (i.e., similar electron and hole masses). The observation in PbS QDs was explained as the accumulation of allowed TPA transitions in certain spectral regions. 35 In the limit of large QDs, the simple model described above is no longer applicable since the electron-hole interaction is no longer negligible. However, since the joint density of states scales with the QD volume linearly and the oscillator strength of each transition remains roughly a constant, the TPA coefficient becomes nearly size independent and evolves into that of the bulk.
VI. SUMMARY
White-light transient absorption spectroscopy, in combination with the pump fluence dependence study, has been applied as a sensitive technique for the measurement of TPA of semiconductor QDs in composites of low volume fraction. A systematic study of the size dependence of the TPA coefficient has been performed in a model system of CdSe QDs at 800 nm (below band gap). In addition, a simple multiband EMA, in combination with the second-order perturbation theory, has been employed to evaluate the TPA coefficient of QDs. Excellent agreement has been obtained between the model and experiment for the size dependence of the TPA coefficient in QDs. We find that the size-averaged TPA coefficient increases approximately linearly with increasing the QD radius for R¼ 1.1-3.4 nm (in the strong quantum confinement regime), this trend being attributed to the rapid increase in the joint density of states for the TPA process, and saturates for R > 5 nm, exceeding the exciton Bohr radius. In the limit of large dots, the electronic structure of discrete levels merges into a quasi-continuum and the TPA coefficient approaches its bulk value.
